In Section 2 of [1] C. Huybrechts introduces the notion of covers and quotients of dimensional dual hyperovals and calls maximal covers universal. S. Yoshiara [2] and [3] calls such maximal covers simply connected. Given a dimensional dual hyperoval, one may ask, if there exists a unique (simply connected) maximal cover of the given dual hyperoval. We shall show, that this is true. We also show, that the automorphism group of a quotient of a simply connected dimensional dual hyperovals is isomorphic to a subgroup of the automorphism group of it's cover.
Introduction
Let n ≥ 2. A set S of n-dimensional subspaces of a finite F q -vector space is called a dual hyperoval of rank n (we will use in the sequel the abbreviation DHO), if (D1) |S| = (q n − 1)/(q − 1) + 1, (D2) dim X 1 ∩ X 2 = 1 for any two different X 1 , X 2 ∈ S and (D3) X 1 ∩ X 2 ∩ X 3 = 0 for any three different X 1 , X 2 , X 3 ∈ S. The space S is called the ambient space of the DHO. Often, a DHO of rank n is viewed projectively and called a (n − 1)-dimensional dual hyperoval. In this paper, we prefer to take the point of view of vector spaces, and hence all dimensions will be vector space dimensions.
Let S and T be a DHOs of rank n over F q with ambient spaces U and W respectively. A semilinear epimorphism π : U → W is called a covering map form S onto T , if T = Sπ = {Xπ | X ∈ S}. We also speak of a α-linear covering map, if α is the field automorphism associated with π. A covering map is linear if π is F q -linear (i.e. α = 1). We use a symbol like π : (S, U ) → (T , W ), if π is a covering map from S onto T and if U and W are the ambient spaces. In this situation one calls T a quotient of S and S a cover of T . We also say that this cover is linear (α-linear), if π is linear (α-linear). One calls a cover (S, U, π) of (T , W ) proper, if π is not an isomorphism. A DHO is simply connected, if it has no proper covers. An α-linear covering map π : (S, U ) → (T , V ) is an α-isomorphism from S onto T , if π is an isomorphism; this isomorphism is linear, if α = 1. We shall show: Theorem 1.1. Let S be a DHO of rank n over F q with ambient space U . Then there exist up to a linear isomorphism a uniquely determined, simply connected DHO S with ambient space U and a linear covering map π : (S → (S, U ), such that for each α-linear covering map φ : (S , U ) → (S, U ), there exists a unique α −1 -linear covering map ψ : (S, U ) → (S , U ), such that
Definition. Let S be a DHO of rank n over F q with ambient space U . Let S, U and π have the meaning of Theorem 1.1. We call S (or more precisely the triple (S, U , π)) the universal cover of S.
Clearly, the notion simply connected DHO and universal cover are equivalent. As a corollary of the Theorem we get: Corollary 1.2. Two non-isomorphic, simply connected DHOs have no common quotient.
Let again S be a DHO of rank n over F q with ambient space U . A linear automorphism (α-linear automorphism) φ of S is a linear (α-linear) isomorphism of U , which maps S onto S. The linear automorphisms form a group LinAut(S), which is normal in the group of all semilinear automorphisms SemAut(S). The kernel of the permutation action of LinAut(S) and SemAut(S) on S is the group K = {u1 U | u ∈ F * q } (isomorphic to the multiplicative group of F q , see [2] ). The group Aut(S) = SemAut(S)/K is the automorphism group of S. We will show: Corollary 1.3. Let (S, U , π) the universal cover of (S, U ). For φ ∈ SemAut(S), there exist a unique φ ∈ SemAut(S), such that φ • π = π • φ. In particular SemAut(S) contains a subgroup isomorphic to SemAut(S), whose action on S is permutation equivalent to the action of SemAut(S) on S.
We recall the synthetic construction of quotients from [2] . Let S be a DHO of rank n over F q with ambient space U and W a subspace of U . Set
Assume, that S/W is a DHO of rank n. Then the natural epimorphism of U onto U/W induces a linear covering map. (By [2, Proposition 13] S/W is a DHO of rank n with ambient space U/W , iff (X + Y ) ∩ W = 0 for all X, Y ∈ S.) If φ : (S, U ) → (T , V ) is a linear covering map, then by the Homomorphism Theorem T is isomorphic to S/W , W = ker φ. Automorphism groups of quotients of universal covers are determined as follows: Corollary 1.4. Let S be a simply connected DHO of rank n over F q with ambient space U . Let W ⊆ U be a subspace, such that S/W is a DHO of rank n. Then the stabilizer SemAut(S) W of W in SemAut(S) is isomorphic to SemAut(S/W ).
2 Proof of Theorem 1.1, Corollary 1.3 and 1.4
In the sequel we will use the following criterion for covers: Lemma 2.1. Let S be a DHO of rank n over F q in the ambient space U . Let T be a set of n-spaces in the F q -space W and |S| = |T |. Let φ : W → U be a linear epimorphism with T = Sφ. Assume dim X ∩ Y ≥ 1 for every two subspaces X, Y ∈ T . Then T in a DHO of rank n and the restriction of φ to T is a linear covering map.
Proof. By our assumptions the restriction of φ to X ∈ T is an isomorphism from X onto Xφ.
Let S be a DHO of rank n over F q in the ambient space U . Let I be the union of all 1-dimensional subspaces of F n q together with the trivial space. By (D1) there exists a bijective map X : I → S, such that
For each X(t) fix a basis {b 1 
Note, that a(s, t) is only defined up to a non-trivial scalar. From now on we fix a choice for the a(s, t)'s.
The following lemma shows, that two linear covers of a DHO are both linear quotients of a common linear cover. More explicitly:
Proof. Let U be the ambient space of S = {X(t) | t ∈ I} and define the bases {b 1 (t), . . . , b n (t)}, t ∈ I, and a(s, t), c(s, t), s, t ∈ I, s = t as above. Let U i be the ambient space of S i , i = 0, 1, and π i : U i → U be a linear covering map from S i onto S. We denote by X i (s) the pre-image of X(s) under π i . As π i is injective on the set s∈I X i (s), we have
We now put the S i 's in a form, such that they can be glued together to produce a new DHO. For i = 0, 1 set K i = ker π i and let Y i be a complement of
We define for i = 0, 1 spaces
Claim: T i is a DHO linear isomorphic to S i .
By Equation (2) the vector
. Moreover the projection of W i on U sends X i (s) onto X(s). Therefore by Lemma 2.1 T i is a DHO. Define further i : U i → W i by u i = uπ i + z, where u = y + z is the unique representation of u with respect to the decomposition U i = Y i ⊕ K i . Clearly, i is linear, since this map is the sum of the linear map π i and a projection. As
Every element in K i is a linear combination of the vectors b ij (s), 1 ≤ j ≤ n, s ∈ I, and i is the identity on K i . Hence K i ⊆ Im i and then even W i = X i (s) | s ∈ I , i.e. W i is the ambient space of T i . Since dim
Claim: T = {X(s) | s ∈ I} is a DHO in W = S , which linearly covers
Next we denote by φ i : U → W i , i = 0, 1, the projection of U onto W i with respect to the decomposition U = U ⊕ K 0 ⊕ K 1 . Then φ i : U → W i is a linear epimorphism, which maps X(s) onto X i (s). Then by Lemma 2.1 T is a DHO and the restriction of φ i to W is a linear covering map from T to T i . Define
Then the ψ i 's are linear covering maps from T onto the S i 's. Moreover, for 1 ≤ j ≤ n and s ∈ I we have
The proof of Theorem 1.1 follows the usual pattern:
Proof. We first show the existence of S. Let (S, U , π) be a linear cover of (S, U ), such that the dimension of U is maximal. Such a cover exists, as the dimension of the ambient space of any DHO of rank n is obviously bounded from above (for instance the union over the spaces of such a DHOs has size < N = q 2n , i.e. N is an upper bound for the dimension of an ambient space). Suppose that φ : U → U from S to S is a α-linear covering map (as in the Theorem). Let γ be an α-automorphism of the space U . Then S γ = {Xγ | X ∈ S } is a DHO of rank n with ambient space U . Moreover γ −1 • φ is a linear covering map from S γ onto S.
By Lemma 2.2 there exist a DHO T with ambient space W and linear covering maps µ : (T , W ) → (S, U ), and ρ :
We turn to the uniqueness of ψ. Assume, that ψ : (S, U ) → (S , U ) is also a α −1 -linear covering map, such that π = ψ • φ. Since φ is injective, when it is restricted to X ∈ S , we see that ψ coincides with ψ , when we restrict these maps to X ∈ S. As these spaces generate U , we see ψ = ψ . Also S is simply connected: Suppose ρ : (T , V ) → (S, U ) is a α-covering map. Let γ be an α-automorphism of V and set T γ = {Xγ | X ∈ T }, which is a DHO of rank n with ambient space V . Then γ −1 • ρ • π : (T γ, V ) → (S, U ) is a linear covering map. By the choice of S we have, dim V ≤ dim U , i.e. dim V = U . So S has no proper cover.
Finally we verify the uniqueness of (S, U , π): Suppose, that (S * , U * , π * ) also satisfies the assertions of the corollary. Then there exist linear covering maps σ : (S, U ) → (S * , U * ) and τ : (S * , U * ) → (S, U ) with π = σ • π * and π
Arguing as above we deduce 1 U = σ • τ and 1 U * = τ • σ, i.e. τ = σ −1 and the claim follows.
We turn to the proofs of Corollaries 1.3 and 1.4. For α ∈ SemAut(S/W ), there exist by Corollary 1.3 β ∈ SemAut(S), such that βπ = πα. Let w ∈ W . Then 0 = wπα = wβπ, which shows wβ ∈ W , i.e. β ∈ SemAut(S) W . So SemAut(S) W β → βπ ∈ SemAut(S/W ) is even an isomorphism.
